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The number of fuzzy subgroups of a finite abelian group of
order pnqm
Lingling Han and Xiuyun Guo
Abstract. The purpose of this paper is to determine the number of fuzzy subgroups of a finite
abelian group of order pnqm. As an application of our main result, explicit formulas for the number
of fuzzy subgroups of Znp × Z
m
q and Zpn × Z
m
q are given.
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1 Introduction
All groups considered in this paper are finite.
One of the most important problems of fuzzy group theory is to classify the fuzzy subgroups of
an abelian group. This topic has enjoyed a rapid evolution in the last years and many interesting
and important results have been given. Since this problem is quite complex, one has to treat the
case of cyclic groups first. For example, the authors in [6] determine the number of distinct fuzzy
subgroups of a cyclic group of square-free order, and the authors in [7–9,15] deal with the number
for cyclic groups of order pnqm(p, q primes). The big progress has been made by Ta˘rna˘uceanu
and Bentea in [14], they give an explicit formula for the number of fuzzy subgroups of a cyclic
group. In addition, they establish a recurrence relation verified by the number of fuzzy subgroups
of an elementary abelian p-group, which is available to count the fuzzy subgroups of an elementary
abelian p-group. After these remarkable works, we should restate the following as Ta˘rna˘uceanu
and Bentea said in [14].
Open problem: Although the problem of counting the distinct fuzzy subgroups was solved for
finite cyclic groups and finite elementary abelian groups, it remains still open for arbitrary finite
abelian groups (or for other more large classes of finite groups). This may constitute the subject
of some future studies.
It is because of the above problem that researchers begin to focus on more general abelian
groups. For example, Ngcibi, Murali and Makamba in [11] obtain a formula for the number of
fuzzy subgroups of the group Zpm × Zpn for n = 1, 2, 3, which has been extended by Oh in [12]
for all values of n. In the present paper we are concerned with the number of fuzzy subgroups
of a new class of abelian groups, which is the direct product of a Sylow p-subgroup and a Sylow
q-subgroup, and an explicit formula for this number for the above new class of abelian groups is
obtained. The interesting is that we establish a one-to-one correspondence between a family of
some kind of subgroup chains for an abelian group and a set of some kind of vector pairs when we
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prove our main result, which make us count the cardinal number of the set of some kind of vector
pairs instead of counting the cardinal number of the family of some kind of subgroup chains for an
abelian group. As an application of our main result, we give two explicit formulas for the special
cases.
2 Preliminaries
In this section we recall some basic notions and results which are useful in the sequel. We also
make some agreements. The terminologies and notations not mentioned here agree with standard
usage(for example, see [2–4, 10, 13]).
Definition 2.1 [4] Let S be a set, then a mapping µ : S → [0, 1] is called a fuzzy subset of S.
Definition 2.2 [4] Let S be a set and µ : S → [0, 1] be a fuzzy subset of S. For each α ∈ [0, 1],
we define the level subset of µ as follows:
µSα = {x ∈ S | µ(x) ≥ α}.
Definition 2.3 [4] Let G be a group and µ : G→ [0, 1] be a fuzzy subset of G. We say that µ is
a fuzzy subgroup of G if it satisfies the next two conditions:
(1) µ(xy) ≥ min{µ(x), µ(y)}, for all x, y ∈ G;
(2) µ(x−1) ≥ µ(x), for any x ∈ G.
Note that µ(x−1) = µ(x), for any x ∈ G, and µ(e) = max µ(G), where e is the identity of
G. The following important theorem was proved in [1]. It could help to characterize the fuzzy
subgroup of a group G by using the level subsets.
Theorem 2.4 [1, Theorem 2.1 and Theorem 2.2] Let G be a group and µ : G→ [0, 1] be a fuzzy
subset of G. Then µ is a fuzzy subgroup of G iff all the level subsets of µ are subgroups of G.
The fuzzy subgroups of a group can be classified up to some natural equivalence relations. One
of widely used equivalence relations(used in [5–9, 11, 12]) is shown below: Two fuzzy subgroups µ
and η of a group G are equivalent and denoted by µ ≈ η(written as µ ∼ η in some papers), if
and only if they satisfy µ(x) > µ(y) ⇐⇒ η(x) > η(y) for all x, y ∈ G and µ(x) = 0 ⇐⇒ η(x) =
0 for all x ∈ G.
Another equivalence relation ∼ is used in [14, 15]: Two fuzzy subgroups µ and η of a group G
are equivalent, written as µ ∼ η, if µ(x) > µ(y) ⇐⇒ η(x) > η(y) for all x, y ∈ G. And two fuzzy
subgroups µ, η of G are called distinct if µ ≁ η.
Notice that the relation ∼ is just the more general form of the relation ≈. In fact, the following
result shows that one of these two numbers gives us another.
Proposition 2.5 [12, Proposition 2.2] Let G be a group. Then the number n1 of fuzzy subgroups
of G under the relation ∼ and the number n2 of fuzzy subgroups of G under the relation ≈ satisfy
the following equality:
n2 = 2n1 − 1.
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Note that we prefer to use the equivalence relation ∼ to count the fuzzy subgroups of a group in
this paper because it has a closely connection with the level subset. Now let µ and η be two fuzzy
subgroups of a group G. We take µ(G) = {α1, α2, · · · , αn} and assume that α1 > α2 > · · · > αn.
Then µ determines the following proper subgroup chain of G that ends in G:
∆ : µGα1 < µGα2 < · · · < µGαn = G.
In [15] a necessary and sufficient condition for µ and η to be equivalent with respect to ∼ was
given.
Theorem 2.6 [15, Theorem 6] Let G be a group. Let µ and η be two fuzzy subgroups of G.
Then µ ∼ η if and only if µ and η have the same set of level subsets.
That is to say µ ∼ η if and only if µ and η determine the same subgroup chains of type ∆. It
means that there exists a one-to-one correspondence between the set of distinct fuzzy subgroups
of G and the set of proper subgroup chains of G which end in G.
It is easy to see that the number of distinct fuzzy subgroups of the trivial group {e} is 1. Thus
in the following, we mainly focus on non-trivial groups.
Definition 2.7 Let n be a positive integer and let G1, G2, · · · , Gn be subgroups of a group G with
Gj < Gj+1 for j = 1, 2, · · · , n− 1, then the following subgroup chain of G
Γ : G1 < G2 < · · · < Gn
is called a proper subgroup chain of G. In this case the integer n − 1 is called the length of the
proper subgroup chain Γ, and the subgroups G1 and Gn are called the initial term and the terminal
term of Γ.
Note that if Γ is a subgroup chain of a group G such that its initial term and terminal term
are G, then Γ is a proper subgroup chain of group G with length 0.
Definition 2.8 Let Γ1 and Γ2 be two proper subgroup chains of a group G. If Γ1 and Γ2 contain
same subgroups of G, then we say Γ1 = Γ2. Otherwise, we say Γ1 and Γ2 are different.
Definition 2.9 Let G be a group and let S be the family of all proper subgroup chains of G. Now
set
N(G) = {Γ ∈ S | the terminal term of Γ is G};
H(G) = {Γ ∈ S | the terminal term of Γ is G and the initial term of Γ is not {e}};
Hi(G) = {Γ ∈ H(G) | the length of Γ is i− 1, where i is a positive integer}.
We use n(G), h(G) and hi(G) to denote the cardinal numbers of N(G), H(G) and Hi(G), respec-
tively.
Remark 2.10 (1) As shown above, it is obvious that the number of distinct fuzzy subgroups of G
is n(G).
(2) It is clear that Hi(G) ⊆ H(G) ⊆ N(G) for any group G and for every positive integer i.
Therefore hi(G) ≤ h(G) ≤ n(G) for any group G.
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(3) n(G) = 1 and h(G) = 0 if and only if G is a trivial group, and h1(G) = 1 when G is any
group with G 6= {e}.
Lemma 2.11 Let G be a group with G 6= {e}. Then n(G) = 2h(G).
Proof. For any subgroup chain Γ in H(G) with
Γ : G1 < G2 < · · · < Gn,
we may construct a new subgroup chain Γ∗ by using Γ
Γ∗ : {e} < G1 < G2 < · · · < Gn
and set the family of the subgroup chains of G
H∗(G) = {Γ∗|Γ ∈ H(G)}.
It is easy to see that H(G) ∩ H∗(G) = ∅, |H(G)| = |H∗(G)| and N(G) = H(G) ∪ H∗(G). Thus
n(G) = 2h(G). 
The next lemma follows immediately from the above definitions and Lemma 2.11.
Lemma 2.12 Let G be a group with G 6= {e}. Then
n(G) = 2h(G) = 2
∑
i=1
hi(G).
3 The number of subgroup chains of an abelian group of
order pnqm
Now let p and q be different primes, and let G be an abelian group of order pnqm with positive
integers n and m. Then, by Sylow theorem, there exists a Sylow p-subgroup A and a Sylow q-
subgroup B such that G = A × B. If H is a subgroup of G, then, by [3, Chapter III. Theorem
2.3], there exists a Sylow p-subgroup A1 and a Sylow q-subgroup B1 of H such that H = A1 ×B1
with A1 ≤ A,B1 ≤ B. It is clear that this kind of decomposition of H is uniquely determined by
H . Thus, if
Γ : G1 < G2 < · · · < Gs = G (3.1)
is a subgroup chain in H(G), then there exists an unique subgroup Ai of A and an unique subgroup
Bi of B such that Gi = Ai × Bi for every i = 1, 2, · · · , s. Hence we have subgroup chains
A1 ≤ A2 ≤ · · · ≤ As = A and B1 ≤ B2 ≤ · · · ≤ Bs = B. If we remove redundant terms and the
identity subgroup {e} in these two subgroup chains, then we have the proper subgroup chain in
H(A) and the proper subgroup chain in H(B) as follows:
Γ1 : Ai1 < Ai2 < · · · < Aik = A, (3.2)
Γ2 : Bj1 < Bj2 < · · · < Bjl = B. (3.3)
Notice that the subgroup chains (3.2) and (3.3) are uniquely determined by the subgroup chain
(3.1), we may give the following definition.
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Definition 3.1 Let G be an abelian group of order pnqm with different primes p, q and positive
integers n,m, and let A be the Sylow p-subgroup of G and B be the Sylow q-subgroup of G with
G = A × B. We call the subgroup chains (3.2) and (3.3) the restriction of the subgroup chain
(3.1) concerning subgroups A and B. We also say that the subgroup chain (3.1) is restricted by the
subgroup chains (3.2) and (3.3).
By the above discussion, we state the lemma as follows:
Lemma 3.2 Let G be an abelian group of order pnqm with different primes p, q and positive
integers n,m, and let A be the Sylow p-subgroup of G and B be the Sylow q-subgroup of G with
G = A×B. Then we have
(1) The subgroup chains (3.1), (3.2) and (3.3) belong to Hs(G), Hk(A) and Hl(B). If we set
b = max{k, l}, then s ∈ {b, b+ 1, · · · , k + l};
(2) For any subgroup chain Γ ∈ H(G), there exist two unique subgroup chains Γ1 ∈ H(A) and
Γ2 ∈ H(B) such that Γ1 and Γ2 are the restriction of Γ concerning subgroups A and B;
(3) Conversely, for any given subgroup chains (3.2) and (3.3), then it is clear that the following
two subgroup chains in H(G) are restricted by the subgroup chains (3.2) and (3.3):
Ai1 × {e} < Ai2 × {e} < · · · < Aik × {e} < Aik ×Bj1 < · · · < Aik ×Bjl = A×B = G,
{e} ×Bj1 < {e} ×Bj2 < · · · < {e} ×Bjl < Ai1 ×Bjl < · · · < Aik ×Bjl = A×B = G.
In fact, for any two given subgroup chains, there may exist many subgroup chains in H(G) are
restricted by them. Next lemma tell us how many subgroup chains are restricted by two given
subgroup chains.
Lemma 3.3 Let G be an abelian group of order pnqm with different primes p, q and positive
integers n,m, and let A be the Sylow p-subgroup of G and B be the Sylow q-subgroup of G with
G = A×B. If
Γ1 : A1 < A2 < · · · < Ai = A
and
Γ2 : B1 < B2 < · · · < Bj = B
are subgroup chains in Hi(A) and Hj(B)(1 ≤ i ≤ n, 1 ≤ j ≤ m), respectively. Without loss of
generality, we may assume that i ≥ j. Then there exist h(i, j) subgroup chains in H(G) such that
they are all restricted by Γ1 and Γ2, where
h(i, j) =
j∑
k=0
(
i+ k
i
)(
i
j − k
)
.
Proof. First we use Ui,j,s to denote the set of all subgroup chains in Hs(G) such that they are
all restricted by Γ1 and Γ2. Then it is clear that Γ ∈ Ui,j,s if and only if
(1) Γ ∈ Hs(G) with s ∈ {i, i+ 1, · · · , i+ j} and
(2) Γ is restricted by Γ1 and Γ2.
Next we use Vi,j,s to denote the set of all vector pairs (a,b) with a = (a1, a2, · · · , ai) and b =
(b1, b2, · · · , bj) satisfying the following conditions:
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(i) a1 < a2 < · · · < ai, and a1, a2, · · · , ai ∈ {1, 2, · · · , s};
(ii) b1 < b2 < · · · < bj, and b1, b2, · · · , bj ∈ {1, 2, · · · , s};
(iii) {a1, a2, · · · , ai} ∪ {b1, b2, · · · , bj} = {1, 2, · · · , s}.
It should be noted that we say two vector pairs (a,b) and (a′,b′) are same if and only if a = a′
and b = b′.
Now we claim that there is a one-to-one correspondence between Ui,j,s and Vi,j,s.
In fact, let
Γ : G1 < G2 < · · · < Gs = G
be a subgroup chain in Ui,j,s. Then, by using above methods, there exist A1t and B2t such that
Gt = A1t ×B2t for every t ∈ {1, 2, · · · , s}. And therefore Γ become the following subgroup chain:
Γ : A11 ×B21 < A12 ×B22 < · · · < A1s ×B2s = A×B = G.
Without loss of generality, we may assume that s = i + k with 0 ≤ k ≤ j. For the following
subgroup chains,
Γ3 : A11 ≤ A12 ≤ · · · ≤ A1s = A
and
Γ4 : B21 ≤ B22 ≤ · · · ≤ B2s = B,
we may delete the identity subgroup {e} first, and then delete redundant terms. We should notice
that we always delete the right one for repeated two subgroups. For example, if A1t = A1t+1,
we always delete A1t+1. By using this agreement, we may have two subseries x1, x2, · · · , xi and
y1, y2, · · · , yj of the series 1, 2, · · · , s such that the subgroup chain Γ are restricted by the following
two subgroup chains.
Γ5 : A1x1 < A1x2 < · · · < A1xi = A,
Γ6 : B2y1 < B2y2 < · · · < B2yj = B.
By Lemma 3.2, we see that Ah = A1xh for any h ∈ {1, 2, · · · , i} and Bf = B2yf for any f ∈
{1, 2, · · · , j} and therefore
Γ1 = Γ5, Γ2 = Γ6.
It is clear that
x1 < x2 < · · · < xi and {x1, x2, · · · , xi} ⊆ {1, 2, · · · , s};
y1 < y2 < · · · < yj and {y1, y2, · · · , yj} ⊆ {1, 2, · · · , s}.
Let x = (x1, x2, · · · , xi), y = (y1, y2, · · · , yj). In order to prove that (x,y) belongs to Vi,j,s, we only
need to prove that (x,y) satisfies the condition (iii). Indeed, if {x1, x2, · · · , xi}∪{y1, y2, · · · , yj} 6=
{1, 2, · · · , s}, then there exists a positive integer r ∈ {1, 2, · · · , s} such that r /∈ {x1, x2, · · · , xi}
and r /∈ {y1, y2, · · · , yj}. Notice that x1, x2, · · · , xi and y1, y2, · · · , yj are the subseries of the series
1, 2, · · · , s, we see that we must delete the both subgroups A1r in Γ3 and B2r in Γ4 when we delate
redundant terms in the above. That means A1r−1 = A1r and B2r−1 = B2r, which contradicts to
that the following subgroup chain
Γ : A11 ×B21 < A12 ×B22 < · · · < A1r−1×B2r−1 = A1r ×B2r < · · · < A1s ×B2s = A×B = G
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is a proper subgroup chain. Thus {x1, x2, · · · , xi} ∪ {y1, y2, · · · , yj} = {1, 2, · · · , s}, and therefore
(x,y) ∈ Vi,j,s. In this case it is easy to see that the following
ϕ : Ui,j,s −→ Vi,j,s
Γ 7−→ (x,y)
is a map from Ui,j,s to Vi,j,s.
Furthermore, for any vector pair (a,b) ∈ Vi,j,s with a = (a1, a2, · · · , ai) and b = (b1, b2, · · · , bj),
we may find a subgroup chain Γa,b in Ui,j,s such that ϕ(Γa,b) = (a,b). In fact, we may construct
the subgroup chain Γa,b of G by using the following natural process. Since {a1, a2, · · · , ai} ∪
{b1, b2, · · · , bj} = {1, 2, · · · , s}, it must be 1 ∈ {a1, a2, · · · , ai} or 1 ∈ {b1, b2, · · · , bj}. So we may
set D1 by the following way.
D1 =


A1 ×B1, if a1 = 1 and b1 = 1;
A1 × {e}, if a1 = 1 and b1 6= 1;
{e} ×B1, if a1 6= 1 and b1 = 1.
If s = 1, then i = j = 1 and therefore D1 = A1×B1 = G is the subgroup chain Γa,b we need. Now
we assume that Dt−1(2 ≤ t ≤ s) is given and Dt−1 = X × Y , where X ∈ {{e}, A1, A2, · · · , Ai}
and Y ∈ {{e}, B1, B2, · · · , Bj}. Then we consider the case t. Also since t ∈ {a1, a2, · · · , ai} or
t ∈ {b1, b2, · · · , bj}, there exists h ∈ {1, 2, · · · , i} such that t = ah or exists f ∈ {1, 2, · · · , j} such
that t = bf . So we may set Dt as the follows.
Dt =


Ah ×Bf , if t = ah = bf ;
Ah × Y, if t = ah 6= bf ;
X ×Bf , if t = bf 6= ah.
By using the above methods, we may have subgroups D1, D2, · · · , Ds of G, and therefore we have
the following subgroup chain
Γa,b : D1 < D2 < · · · < Ds.
And it is easy to see that D1 6= {e}, Ds = G and Dt < Dt+1 for any t = 1, 2, · · · , s− 1. Therefore
we have Γa,b ∈ Ui,j,s and ϕ(Γa,b) = (a,b). Now we may define the following map
ψ : Vi,j,s −→ Ui,j,s
(a,b) 7−→ Γa,b
It is clear that ϕψ((a,b)) = (a,b) and ψϕ(Γ) = Γ. So the claim is proved.
By the above claim, we have
h(i, j) =
i+j∑
s=i
|Ui,j,s| =
i+j∑
s=i
|Vi,j,s|.
Since we assume that s = i + k. Then
h(i, j) =
j∑
k=0
|Vi,j,i+k|.
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Now we calculate the |Vi,j,i+k|. For any vector pair (a,b) ∈ Vi,j,s with a = (a1, a2, · · · , ai) and
b = (b1, b2, · · · , bj), it is easy to see that (a,b) can be determined once {a1, a2, · · · , ai} and
{a1, a2, · · · , ai} ∩ {b1, b2, · · · , bj} are given. Noticing that
|{a1, a2, · · · , ai} ∩ {b1, b2, · · · , bj}| = i+ j − s = i+ j − (i+ k) = j − k,
we see
|Vi,j,i+k| =
(
i+ k
i
)(
i
j − k
)
.
Therefore
h(i, j) =
j∑
k=0
(
i+ k
i
)(
i
j − k
)
.
The lemma is proved. 
Lemma 3.4 Let G be an abelian group of order pnqm with different primes p, q and positive
integers n,m, and let A be the Sylow p-subgroup of G and B be the Sylow q-subgroup of G with
G = A×B. Suppose that Γ1 and Γ2 are two subgroup chains in H(A) and that Γ3 and Γ4 are two
subgroup chains in H(B). Now set
R = {Γ ∈ H(G) | the restriction of Γ is Γ1 and Γ3},
W = {Γ ∈ H(G) | the restriction of Γ is Γ2 and Γ4}.
If Γ1 is different from Γ2 or Γ3 is different from Γ4, then R ∩W = ∅.
Proof. If not, then there is a subgroup chain denoted by Γ∗ such that Γ∗ ∈ R ∩W . Thus Γ∗ is
restricted by Γ1 and Γ3, meanwhile, is also restricted by Γ2 and Γ4. According to Lemma 3.2, we
have Γ1 = Γ2 and Γ3 = Γ4, a contradiction. This finishes the proof of the lemma. 
Theorem 3.5 Let G be an abelian group of order pnqm with different primes p, q and positive
integers n,m, and let A be the Sylow p-subgroup of G and B be the Sylow q-subgroup of G with
G = A×B. Then
n(G) = 2


∑
1≤i≤n
1≤j≤m
i≥j
h(i, j)hi(A)hj(B) +
∑
1≤i≤n
1≤j≤m
i<j
h(j, i)hi(A)hj(B)

 ,
where
h(i, j) =
j∑
k=0
(
i+ k
i
)(
i
j − k
)
, for i ≥ j.
Proof. According to Lemma 2.12, we only need to count h(G). And by Lemma 3.2, we can see
that
H(G) = {Γ ∈ H(G) | Γ is restricted by subgroup chains Γ1 and Γ2, Γ1 ∈ H(A), Γ2 ∈ H(B)}.
Then, according to Lemma 3.3, Lemma 3.4 and the symmetry of H(A) and H(B), we see
n(G) = 2


∑
1≤i≤n
1≤j≤m
i≥j
h(i, j)hi(A)hj(B) +
∑
1≤i≤n
1≤j≤m
i<j
h(j, i)hi(A)hj(B)

 ,
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where
h(i, j) =
j∑
k=0
(
i+ k
i
)(
i
j − k
)
for i ≥ j.
The theorem is proved. 
4 The number of the distinct fuzzy subgroups of Znp × Z
m
q
Let p be a prime and n a positive integer. We use Znp to denote an elementary abelian p-group
of order pn. According to Theorem 3.5, in order to count the number of distinct fuzzy subgroups
of the abelian group Znp ×Z
m
q , what we only need to do is clarifying the number of subgroup chains
of Znp . We recall a well-known result in group theory first.
Lemma 4.1 [3, Chapter III. Theorem 8.5] Let p be a prime and let G be an elementary abelian
p-group of order pn with n ≥ 1. Then the number of subgroups of G of order pm(1 ≤ m ≤ n) is
[
n
m
]
p
=
(pn − 1)(pn−1 − 1) · · · (pn−m+1 − 1)
(pm − 1)(pm−1 − 1) · · · (p− 1)
.
Lemma 4.1 allows us to get the formula for calculating the number of subgroup chains of
elementary abelian p-groups.
Lemma 4.2 Let G = Znp with n ≥ 1. Then
h1(G) = 1;
h2(G) =
n−1∑
i=1
[
n
i
]
p
;
h3(G) =
∑
1≤i1<i2≤n−1
[
n
i2
]
p
[
i2
i1
]
p
;
...
hk(G) =
∑
1≤i1<i2<···<ik−1≤n−1
[
n
ik−1
]
p
[
ik−1
ik−2
]
p
· · ·
[
i2
i1
]
p
, 2 ≤ k ≤ n.
Proof. It is clear that h1(G) = 1. Let Γ be a subgroup chain in Hk(G) with 2 ≤ k ≤ n as
follows:
Γ : G1 < G2 < · · · < Gk = G.
Then we can naturally have the following k-dimensional vector
α = (|G1|, |G2|, · · · , |Gk|).
For convenience, we call α the order vector of Γ. It is clear that
|Gi|
∣∣ |Gi+1| for i = 1, 2, · · · , k − 1, and |Gk| = pn.
Now set
Λ = {α | α is an order vector of Γ,Γ ∈ Hk(G)}
and for any α ∈ Λ,
Hαk (G) = {Γ ∈ Hk(G) | the order vector of Γ is α}.
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Then it is clear that
Hk(G) =
⋃
α∈Λ
Hαk (G),
and
Hαk (G) ∩H
β
k (G) = ∅ if α 6= β.
Thus
hk(G) =
∑
α∈Λ
|Hαk (G)|.
It is easy to see that
Λ = {α = (pi1 , pi2 , · · · , pik−1 , pn) | 1 ≤ i1 < i2 < · · · < ik−1 ≤ n− 1}.
Noticing that the subgroups of an elementary abelian p-group are still elementary abelian p-groups,
we see, by Lemma 4.1, that
hk(G) =
∑
1≤i1<i2<···<ik−1≤n−1
[
n
ik−1
]
p
[
ik−1
ik−2
]
p
· · ·
[
i2
i1
]
p
, 2 ≤ k ≤ n.
The lemma is proved. 
According to Theorem 3.5 and Lemma 4.2, it is easy to get the following result.
Theorem 4.3 Let p and q be different primes, and let n and m be positive integers. Also let
A = Znp and B = Z
m
q such that G = A×B. Then
n(G) = 2


∑
1≤i≤n
1≤j≤m
i≥j
h(i, j)hi(A)hj(B) +
∑
1≤i≤n
1≤j≤m
i<j
h(j, i)hi(A)hj(B)

 ,
where
h(i, j) =
j∑
k=0
(
i+ k
i
)(
i
j − k
)
, for i ≥ j;
h1(A) = 1, hi(A) =
∑
1≤l1<l2<···<li−1≤n−1
[
n
li−1
]
p
[
li−1
li−2
]
p
· · ·
[
l2
l1
]
p
, 2 ≤ i ≤ n;
h1(B) = 1, hj(B) =
∑
1≤l1<l2<···<lj−1≤m−1
[
m
lj−1
]
q
[
lj−1
lj−2
]
q
· · ·
[
l2
l1
]
q
, 2 ≤ j ≤ m.
5 The number of the distinct fuzzy subgroups of Zpn × Zmq
Let p be a prime and n a positive integer. We use Zpn to denote a cyclic group of order p
n.
We recall the following well-known result in group theory.
Lemma 5.1 [3, Chapter I. Theorem 2.20] Let G = 〈g〉 be a cyclic group of order n. Then there
is a unique subgroup of G of order d for any positive divisor d of n. And the subgroup of order d
is 〈gk〉 with k = n
d
.
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Using Lemma 5.1, we can get the formula for calculating the number of subgroup chains of
Zpn .
Lemma 5.2 Let p be a prime and G = Zpn with n ≥ 1. Then
h1(G) = 1;
h2(G) =
(
n− 1
1
)
;
h3(G) =
(
n− 1
2
)
;
...
hk(G) =
(
n− 1
k − 1
)
, 1 ≤ k ≤ n.
Proof. By Lemma 5.1, we can see that all the subgroups of G are {e}, G1, G2, · · · , Gn, where
|Gk| = pk for k = 1, 2, · · · , n. And these subgroups satisfy
{e} < G1 < G2 < · · · < Gn = G.
Now it easily is verified that
H1(G) = {Gn | Gn is a subgroup chain};
H2(G) = {Gi < Gn | 1 ≤ i ≤ n− 1};
...
Hk(G) = {Gi1 < Gi2 < · · · < Gik−1 < Gn | 1 ≤ i1 < i2 < · · · < ik−1 ≤ n− 1}.
Then we have
h1(G) = 1;
h2(G) =
(
n− 1
1
)
;
h3(G) =
(
n− 1
2
)
;
...
hk(G) =
(
n− 1
k − 1
)
, 1 ≤ k ≤ n.
The lemma is proved. 
Now according to Theorem 3.5, Lemma 4.2 and Lemma 5.2, it is easy to get the formula for
calculating the number of distinct fuzzy subgroups of the abelian group Zpn × Z
m
q .
Theorem 5.3 Let p and q be different primes, and let n and m be positive integers. Also let
A = Zpn and B = Z
m
q such that G = A×B. Then
n(G) = 2


∑
1≤i≤n
1≤j≤m
i≥j
h(i, j)hi(A)hj(B) +
∑
1≤i≤n
1≤j≤m
i<j
h(j, i)hi(A)hj(B)

 ,
where
h(i, j) =
j∑
k=0
(
i+ k
i
)(
i
j − k
)
, for i ≥ j;
11
hi(A) =
(
n− 1
i− 1
)
, 1 ≤ i ≤ n;
h1(B) = 1, hj(B) =
∑
1≤l1<l2<···<lj−1≤m−1
[
m
lj−1
]
q
[
lj−1
lj−2
]
q
· · ·
[
l2
l1
]
q
, 2 ≤ j ≤ m.
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